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Superheating fields of semi-infinite superconductors and layered superconductors in
the diffusive limit: structural optimization based on the microscopic theory
Takayuki Kubo∗
High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki 305-0801, Japan and
The Graduate University for Advanced Studies (Sokendai), Hayama, Kanagawa 240-0193, Japan
We investigate the superheating fields Hsh of semi-infinite superconductors and layered supercon-
ductors in the diffusive limit by using the well-established quasiclassical Green’s function formalism
of the BCS theory. The coupled Maxwell-Usadel equations are self-consistently solved to obtain the
spatial distributions of the magnetic field, screening current density, penetration depth, and pair
potential. We find the superheating field of a semi-infinite superconductor in the diffusive limit is
given by Hsh = 0.795Hc0 at the temperature T → 0. Here Hc0 is the thermodynamic critical-field
at the zero temperature. Also, we evaluate Hsh of layered superconductors in the diffusive limit
as functions of the layer thicknesses (d) and identify the optimum thickness that maximizes Hsh
for various materials combinations. Qualitative interpretation of Hsh(d) based on the London ap-
proximation is also discussed. The results of this work can be used to improve the performance of
superconducting rf resonant cavities for particle accelerators.
I. INTRODUCTION
The superconducting radio-frequency (SRF) resonant-
cavity [1, 2] is the crucial component of modern par-
ticle accelerators, which efficiently imparts the electro-
magnetic energy to charged particles via the rf electric
field. The accelerating gradient Eacc, namely, the aver-
age electric field that charged particles see during transit,
is proportional to the amplitude H0 of the rf magnetic
field at the inner surface of the cavity, e.g., µ0H0 = gEacc
and g = 4.26mT/(MV/m) for the TESLA-shape cavity.
Today, the best Nb cavities can reach µ0H0 ∼ 200mT,
which corresponds to Eacc ≃ 40-50MV/m [3–7].
The ultimate limit of H0 is thought to be around Hc,
irrespective of whether the cavity material is a type-I
or a type-II superconductor. Here, Hc is the thermo-
dynamic critical field. This limitation comes from the
fact that an SRF cavity is operated under the Meiss-
ner state, and the upper critical field Hc2 is irrelevant
to SRF in contrast to some dc applications. Let us con-
sider a semi-infinite superconductor in the Meissner state
shown in Fig. 1 (a) and suppose the penetration depth is
given by λ. The external magnetic field H0 ∼ Hc induces
the screening current density js ∼ Hc/λ at the surface,
which is close to the depairing current density jd, the
stability limit of the superfluid flow. Hence, H0 cannot
substantially exceed Hc as long as a simple semi-infinite
superconductor is used. The value of H0 which makes
the Meissner state absolutely unstable is the so-called
superheating field Hsh (∼ Hc).
In the Ginzburg-Landau (GL) regime, Hsh of a semi-
infinite superconductor has been thoroughly investi-
gated [8–10]. However, the GL results are valid at a
temperature T close to the critical temperature Tc, while
SRF cavities are operated at T ≪ Tc (e.g., T/Tc ∼ 0.1-
0.2 for Nb and Nb3Sn cavities). Microscopic calcula-
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FIG. 1. (a) Semi-infinite superconductor occupying x ≥ 0.
(b) Layered structure that consists of a thin superconducting
layer (S) and a superconducting substrate (Σ). Here, we as-
sume S is completely decoupled from Σ: we do not consider
neither the proximity effect nor any electron transfer between
S and Σ. The magnetic field H0 is applied parallel to z axis,
and the screening current flows parallel to y axis.
tions of Hsh, which are valid at an arbitrary temperature
0 < T < Tc, have been carried out for extreme type-
II superconductors, including clean-limit superconduc-
tors [11–13], superconductors including homogeneous [14]
and inhomogeneous impurities [15], and dirty-limit su-
perconductors with Dynes subgap states [16].
Besides the simple semi-infinite superconductor, the
layered superconductor shown in Fig. 1 (b) has also at-
tracted much attention from SRF researchers because of
its potential for increasing the ultimate field-limit. Gure-
vich [17] proposed the idea of multilayer coating, which
introduces a higher-Hc superconducting (S) layer formed
on the top of the superconducting substrate (Σ). Here,
the S layer is decoupled from Σ by an insulator layer
or a natural oxide layer. Using the London theory, it
was later shown [18] that, when the penetration depth
of the S layer is larger than that of the substrate Σ, a
current counterflow induced by Σ leads to a suppression
of the current density in the S layer, resulting in an en-
hancement of the ultimate field-limit. The enhancement
2is maximized when the S layer has the optimum thickness
d = dm ∼ λ(S) [18]. It was also shown [19] that the simi-
lar consequences result from the GL calculations, which
are valid at T ≃ Tc. However, we should use the micro-
scopic theory for quantitative analyses. Fortunately, for
a clean-limit s-wave superconductor at T = 0, analyses
based on the microscopic theory are significantly simpli-
fied. The nonlinear Meissner effect is negligible in this
regime, and the London equation is valid even under a
strong current density close to jd. Combining the cur-
rent distribution obtained from the London equation and
jd for a clean-limit superconductor calculated from the
microscopic theory, the more quantitative theory of the
optimum multilayer is obtained [20]. These theoretical
advances are discussed in detail in the review article [21].
Progress in experiments is summarized in Ref. [22] (see
also progress in the last several years, e.g., Refs. [23–34]).
Also, Nb cavities processed by some materials-
treatment methods (e.g., 120 ◦C baking, nitrogen infu-
sion, etc.) are known to have a thin dirty-layer (S)
on the surface of the bulk Nb (Σ) [6, 7, 35, 36], which
can be modeled by the geometry shown in Fig. 1 (b).
In fact, the calculations of the field-dependent nonlin-
ear surface resistance [37, 38] have shown that layered
structures can mitigate the quality factor degradation
at high-fields. Moreover, it was shown [15, 21] that the
thin dirty-layer at the surface improves Hsh by the same
mechanism as that in the S-Σ heterostructure: a current
counterflow induced by Nb substrate leads to a suppres-
sion of the current density in the dirty-Nb layer, result-
ing in an enhancement of Hsh. These theoretical results
are qualitatively consistent with experiments [6, 7, 39–
41]. Other effects resulting from the materials treatment
(e.g., effects on hydride precipitate [42, 43]) may also
play significant roles in the performance improvements,
which can be incorporated considering imperfect surface-
structures such as proximity-coupled normal layer on the
surface [37, 38, 44–47].
Despite the extensive studies, the superheating fields
of a simple semi-infinite superconductor and a layered
heterostructure in the diffusive limit have not yet been
studied. Also, the structural optimization of a layered
heterostructure in the diffusive limit has not yet been
done. In this regime, we can no longer use the London
equation at js ∼ jd due to the nonlinear Meissner ef-
fect [15, 16, 48, 49] in contrast to the clean-limit regime.
We need to self-consistently solve the microscopic theory
of superconductivity combined with the Maxwell equa-
tions, incorporating the current-induced pair-breaking ef-
fect and the resultant nonlinear Meissner effect [14–16].
In the present work, we evaluateHsh for these geometries
and identify the optimum thicknesses of layered struc-
tures.
The paper is organized as follows. In Section
II, we briefly review the Eilenberger-Usadel-Larkin-
Ovchinnikov formalism of the BCS theory in the diffu-
sive limit and express physical quantities with the Mat-
subara Green’s functions. The solutions of the Usadel
equation at T = 0 and the analytical expression of the
depairing current density are also summarized. In Sec.
III, we consider a simple semi-infinite superconductor [see
Fig. 1 (a)]. The coupled Maxwell-Usadel equations are
self-consistently solved to obtain the spatial distributions
of the magnetic fieldH(x), the current density js(x), pair
potential ∆(x), and the penetration depth λ(x). Then,
the superheating field in the diffusive limit is derived.
In Sec. IV, we consider a layered superconductor [see
Fig. 1 (b)], self-consistently solve the coupled Maxwell-
Usadel equations, and obtain the spatial distributions of
H(x), js(x), ∆(x), and λ(x). Then, we evaluate Hsh as
functions of the S-layer thickness d for various material
combinations and find the optimum thickness dm. Qual-
itative interpretation of the results are also discussed us-
ing an approximate formula of Hsh(d). In Sec. V, we
discuss the implications of our results.
II. THEORY
A. Eilenberger-Usadel-Larkin-Ovchinnikov
formalism
Let us briefly summarize the well-established
Eilenberger-Usadel-Larkin-Ovchinnikov formalism
of the BCS theory in the diffusive limit [47, 50–53]. Here
we assume the current distribution varies slowly over
the coherence length. Then, the normal and anomalous
quasiclassical Matsubara Green’s functions Gωn = cos θ
and Fωn = sin θ and the pair potential ∆ obey(
∆− s√
1 + cot2 θ
)
cot θ = h¯ωn, (1)
ln
Tc
T
= 2πkBT
∑
ωn>0
(
1
h¯ωn
− sin θ
∆
)
. (2)
Here s = (q/qξ)
2∆0 is the superfluid flow parameter,
∆0 = ∆(s, T )|s=0, T=0 is the BCS pair potential for
the zero-current state at T = 0, h¯q is the superfluid
momentum, qξ =
√
2∆0/h¯D is the inverse of the co-
herence length, D is the electron diffusivity, h¯ωn =
2πkBT (n + 1/2) is the Matsubara frequency, kBTc =
∆0 exp(γE)/π ≃ ∆0/1.76 is the BCS critical tempera-
ture, and γE = 0.577 is the Euler constant. The penetra-
tion depth λ and the magnitude of supercurrent density
js are given by
λ20
λ2(s, T )
=
4kBT
∆0
∑
ωn>0
sin2 θ, (3)
js(s, T )
js0
=
√
πs
∆0
λ20
λ2(s, T )
. (4)
Here λ0 = λ(0, 0) =
√
h¯/πµ0∆0σn is the BCS penetra-
tion depth at T = 0, σn = 2N0De
2 is the normal state
conductivity, N0 is the normal state density of states at
the Fermi energy, js0 = Hc0/λ0 =
√
π|e|N0D∆0qξ, and
3FIG. 2. (a) Pair potential ∆, (b) superfluid density λ20/λ
2
and supercurrent density js as a function of the superfluid mo-
mentum |q/qξ | (=
√
s/∆0) calculated from the Usadel equa-
tion at T → 0 [Eqs. (A2) and (A3), see Appendix A]. For
0 ≤ |q/qξ | ≤ 0.675, we can use Eqs. (9)-(11). The blob at
(0.487, 0.595) indicates the depairing momentum and depair-
ing current density.
Hc0 =
√
N0/µ0∆0 is the BCS thermodynamic critical
field at T = 0.
In the geometries shown in Figs. 1 (a) and 1 (b), the
magnetic field and the superfluid flow depend on the
depth x from the surface. These x dependences are de-
termined from the Maxwell equations, js = −∂xH and
µ0H = (h¯/2|e|)∂xq, namely,
∂2q
∂x2
=
q
λ2(s, T )
, (5)
H
Hc0
=
√
π
∂(q/qξ)
∂(x/λ0)
. (6)
Suppose the magnetic field at the surface is given by H0.
Then, the boundary conditions can be written as
H(0) = H0, lim
x→∞
q(x)→ 0. (7)
For the geometry shown in Fig. 1 (b), we have the addi-
tional boundary conditions at the S-Σ interface,
H(d−) = H(d+), q(d−) = q(d+). (8)
Here d± = d± 0: we assume the thickness of the insula-
tor or natural oxide layer separating S and Σ is negligible
compared with λ but thick enough to electrically decou-
ple S and Σ.
B. Solutions and depairing current at T → 0
For T → 0, the Matsubara sum is replaced with an
integral, and Eqs. (1)-(4) reduce to the well-known for-
mulas obtained by Maki many years ago [16, 54–56] (see
also Appendix A),
∆(s, 0)
∆0
= exp
[
− πs
4∆(s, 0)
]
, (9)
λ20
λ2(s, 0)
=
∆(s, 0)
∆0
[
1− 4s
3π∆(s, 0)
]
, (10)
js(s, 0) =
√
πs
∆0
∆(s, 0)
∆0
[
1− 4s
3π∆(s, 0)
]
Hc0
λ0
, (11)
for 0 ≤ s ≤ ∆(s, 0), namely, 0 ≤ s ≤ 0.456∆0 or
0 ≤ |q/qξ| ≤ 0.675. Shown in Fig. 2 are ∆, λ, and js
at T = 0 as functions of |q|. While ∆ and the super-
fluid density λ20/λ
2 are monotonically decreasing func-
tions, js exhibits a non-monotonic behavior. At smaller
|q| regions, js is proportional to |q|. As |q| increases, js
becomes dominated by a rapid reduction of the super-
fluid density and ceases to increase. At a threshold value
qd, js reaches the maximum value: the depairing current
density jd [see the blob in Fig. 2 (b)].
Using Eqs. (9)-(11) and the condition ∂sjs = 0, we
have [54, 55, 57]
jd(0) =
√
πsd
∆0
∆d
∆0
(
1− 4ζd
3π
)
Hc0
λ0
= 0.595
Hc0
λ0
, (12)
ζd =
sd
∆d
=
2
π
+
3π
8
−
√(
2
π
+
3π
8
)2
− 1 = 0.300,(13)
∆d = ∆0e
−
pi
4
ζd = 0.790∆0, (14)
sd = ∆dζd = 0.237∆0, (15)
qd/qξ =
√
sd/∆0 = 0.487, (16)
which are the well-known formula of the depairing cur-
rent density for a dirty BCS superconductor (see also
Refs. [16, 56]).
In the following, we use ∆0 as a unit of energy and
use dimensionless quantities s˜ = s/∆0, ω˜n = h¯ωn/∆0,
∆˜ = ∆/∆0, T˜ = kBT/∆0, etc. For brevity, we omit
all these tildes. Also, since we are interested in Hsh at
the operating temperature of SRF cavities (T ≪ Tc), we
consider T → 0 for simplicity.
III. SEMI-INFINITE SUPERCONDUCTOR
A. Spatial distributions of H, js, ∆, and λ
First, consider the semi-infinite superconductor shown
in Fig. 1 (a) and self-consistently solve the coupled
Maxwell-Usadel equations at T → 0 [Eqs. (5)-(11)].
Shown in Fig. 3 (a) are the distributions of H(x) and
js(x). For H0 ≪ Hc0 (blue), we have the solid and
dashed curves that almost overlap, which can be under-
stood as follows. Since the current density is so small
that the nonlinear Meissner effect is negligible, the Lon-
don theory is applicable. Solving the London equation,
we obtain H(x)/Hc0 = js(x)/js0 = exp(−x/λ0), con-
sistent with the numerical solutions. As H0 increases
(orange and red), however, the nonlinear Meissner effect
manifests itself, and the London theory is not applicable.
In fact, the solid and dashed curves no longer overlap.
Shown in Fig. 3 (b) are the penetration depth λ(x) and
the pair potential ∆(x). The pair potential (penetration
depth) is decreased (increased) at the surface due to the
4FIG. 3. Spatial distributions of (a) H , js, (b) λ, and
∆ obtained from the self-consistent solutions of the coupled
Maxwell-Usadel equations [Eqs. (5)-(11)]. For H0 ∼ Hc0
(red), the nonlinear Meissner effect manifests itself in the
vicinity of the surface.
strong pair-breaking current and recovers at deeper re-
gions where the current density is exponentially small.
B. Superheating field
For a simple semi-infinite superconductor in the diffu-
sive limit, in which the current density is a monotonically
decreasing function of x (see Fig. 3), the superheating
field Hsh is given by H0 which induces js(x)|x=0 = jd.
Then, we can derive a simple formula of Hsh. Integrat-
ing both the sides of Eq. (5) from x = 0 to ∞, we
obtain q′(0)2 = −2 ∫∞
0
qq′λ−2(s, T )dx. Using Eqs. (6)
and (7), we find the relation between H0 and s(x)|x=0:
(H0/Hc0)
2 = π
∫ s(0)
0 ds[λ0/λ(s, T )]
2. Substituting the
depairing value sd into s(0), we obtain the formula [16]
Hsh(T ) = Hc0
√
π
∫ sd
0
ds
λ20
λ2(s, T )
, (17)
which is valid for an arbitrary T . Note that
Eq. (17) reproduces the GL superheating field Hsh(T ) =
(
√
5/3)Hc(T ) at T ≃ Tc [16], consistent with the previous
studies [8, 9].
For T = 0, substituting Eqs. (10) and (15) into
Eq. (17), we obtain Hsh in the diffusive limit [16]
Hsh(0) = Hc0
√
1−
(
1− πζd
2
)
e−
piζd
2 − 2
3
s2d
= 0.795Hc0. (18)
This is slightly smaller than that of an extreme type-II
(λ/ξ ≫ 1) superconductor in the clean limit [11, 12],
Hcleansh (0) = 0.84Hc0, (19)
and consistent with the previous study on the effect of
nonmagnetic impurities [14], in which Hsh (∼ 0.8Hc0) as
a function of the mean free path ℓ takes its maximum
value at ℓ = 5.32ξ0 = ℓ∗ and decreases with ℓ for ℓ < ℓ∗.
TABLE I. Parameters of the layered structure.
S layer thickness d,
Pair-potential ratio r∆ = ∆
(S)
0 /∆
(Σ)
0 ,
Critical-field ratio rH = H
(S)
c0 /H
(Σ)
c0 ,
Normal-conductivity ratio rσ = σ
(S)
n /σ
(Σ)
n .
FIG. 4. Spatial distributions of (a) H , js, (b) ∆, and λ in a
layered superconductor calculated for d = 0.5λ
(Σ)
0 , r∆ = rH =
1, and rσ = 0.25. The penetration depth of the S layer in the
zero-current state is given by λ
(S)
0 = λ
(Σ)
0 /
√
r∆rσ = 2λ
(Σ)
0 .
IV. LAYERED SUPERCONDUCTORS
Now we consider the layered heterostructure shown in
Fig. 1 (b). The model parameters are summarized in
Table. 1: the S-layer thickness d and the three ratios of
materials parameters,
r∆ =
∆
(S)
0
∆
(Σ)
0
, rH =
H
(S)
c0
H
(Σ)
c0
, rσ =
σ
(S)
n
σ
(Σ)
n
. (20)
Here ∆
(i)
0 (i = S, Σ) is the pair-potential in the zero-
current state at T = 0, H
(i)
c0 is the thermodynamic crit-
ical field at T = 0, and σ
(i)
n is the normal-state conduc-
tivity. The other materials parameters can be expressed
using these parameters; e .g., D(S)/D(Σ) = rσr
2
∆/r
2
H ,
λ
(S)
0 /λ
(Σ)
0 = 1/
√
r∆rσ , etc.
A. Spatial distributions of H, js, ∆, and λ in a
layered superconductor
We can consider any materials combination, but here
we focus on the simplest example that captures the strik-
ing feature of the layered structure: the surface-current-
reduction effect. Let us assume that the S layer is made
of the same material as the Σ region but has a different
concentration of nonmagnetic impurities, e.g., Σ and S
are a bulk Nb and a dirtier Nb-layer, respectively. We
can fully solve the coupled Maxwell-Usadel equations at
T → 0 [Eqs. (5)-(11)] in the similar way as done for
a semi-infinite superconductor in Sec. III A. Shown in
Fig. 4 are the distributions of H(x), js(x), λ(x), and
5∆(x) calculated for d = 0.5λ
(Σ)
0 , r∆ = rH = 1, and
rσ = 0.25. In the S layer, the magnetic field H (dashed
curves) slowly attenuates as x increases, and the current
density js = −∂xH (solid curves) is significantly sup-
pressed. As a result, ∆ in the S region is less suppressed
as compared with that in the Σ region, even though it
is the S layer which is directly exposed to the external
magnetic field [see the solid curves in Fig. 4 (b)]. In the Σ
region, H(x), js(x), λ(x), and ∆(x) monotonically decay
as x increases.
The non-monotonic decay of the current density is a
common feature in the S-Σ hetero-structure in which S
has a different penetration depth from Σ [15, 18–21].
When Σ has a shorter (longer) penetration depth than
S, the magnetic field in the S layer decays slower (more
rapid) than exponential, and the current density is sup-
pressed (enhanced). Such reduction (enhancement) of
the surface current results from a counterflow induced
by the substrate Σ. When the penetration depths in S
and Σ are balanced, the magnetic field and the current
density in the S layer exhibit the well-known exponential
decay.
B. Superheating field of a layered superconductor
Next, we evaluate Hsh of the layered structure. Since
the current density in the layered structure does not nec-
essarily take its maximum value at x = 0 as seen in Fig. 4,
the Hsh formula given by Eq. (17) is not applicable. In-
stead, Hsh is given by the surface magnetic-field which
induces js = j
(S)
d at x = 0 or js = j
(Σ)
d at x = d. Shown
as the solid curves in Fig. 5 are Hsh as functions of d cal-
culated from the coupled Maxwell-Usadel equations for
various materials combinations. We find Hsh increases
with d, takes its maximum value at d = dm ∼ λ(S)0 , and
decreases with d at d > dm.
Let us interpret these results by using an approximate
formula. Neglecting the nonlinear Meissner effect and
solving the London equation, we obtain the well-known
formula [18–21]:
Hsh(d) = min
[
c1(d)H
(S)
sh , c2(d)H
(Σ)
sh
]
, (21)
c1(d) =
cosh[d/λ
(S)
0 ] + [λ
(Σ)
0 /λ
(S)
0 ] sinh[d/λ
(S)
0 ]
sinh[d/λ
(S)
0 ] + [λ
(Σ)
0 /λ
(S)
0 ] cosh[d/λ
(S)
0 ]
, (22)
c2(d) = cosh[d/λ
(S)
0 ] + [λ
(Σ)
0 /λ
(S)
0 ] sinh[d/λ
(S)
0 ]. (23)
Here, H
(S)
sh and H
(Σ)
sh are the superheating field of a
semi-infinite superconductor made from the S material
and the Σ material, respectively. We use the values
obtained from the microscopic theory in the diffusive
limit: H
(Σ)
sh = 0.795H
(Σ)
c0 and H
(S)
sh = 0.795 rHH
(Σ)
c0 [see
Eq. (18)]. The penetration depth of the S layer in the
zero-current state is given by λ
(S)
0 = λ
(Σ)
0 /
√
r∆rσ. Shown
as the dashed gray curves in Fig. 5 are Hsh(d) calcu-
lated from Eq. (21). The existence of the optimum thick-
FIG. 5. Superheating field of layered structures as func-
tions of d. The solid curves are obtained from the self-
consistent solutions of the coupled Maxwell-Usadel equa-
tions at T → 0 [Eqs. (5)-(11)]. The dashed curves
are calculated from the approximate formula [Eq. (21)].
(a) Nb-Nb structure modeled by the parameter set
(r∆, rH , rσ) = (1, 1, 0.25). (b) Nb3Sn-Nb structure modeled
by (r∆, rH , rσ) = (2, 2.7, 0.1). (c) NbN-Nb structure mod-
eled by (r∆, rH , rσ) = (1.7, 1.15, 0.03). (d) NbTiN-Nb struc-
ture modeled by (r∆, rH , rσ) = (1.8, 1.15, 0.02). In these
cases, the penetration depths of the S layer in the zero-
current state are given by (a) λ
(S)
0 = λ
(Σ)
0 /
√
r∆rσ = 2λ
(Σ)
0 ,
(b) λ
(Nb3Sn)
0 = 2.2λ
(Nb)
0 , (c) λ
(NbN)
0 = 4.4λ
(Nb)
0 , and (d)
λ
(NbTiN)
0 = 5.3λ
(Nb)
0 .
ness dm can be understood as follows [18–21]. Suppose
λ
(S)
0 > λ
(Σ)
0 . Then, the counterflow induced by Σ de-
creases the current density at the surface of S by a fac-
tor of 1/c1, and the maximum field that the S layer can
withstand increases to H0 = c1H
(S)
sh . This enhancement
is pronounced as d decreases. On the other hand, the S
layer attenuate the magnetic field down to Hi = H0/c2 at
the S-Σ interface, so the maximum field that Σ can with-
stand is given by H0 = c2H
(Σ)
sh , which increases with d.
The interplay between the reduction of the surface cur-
rent and that of the shielding efficiency results in the ex-
istence of the optimum thickness dm, at which the screen-
ing current densities in S and Σ simultaneously reach j
(S)
d
and j
(Σ)
d , respectively.
The disagreements between the full calculations (solid)
and the approximate formula (dashed) result from the
nonlinear Meissner effect. The strong current density ∼
jd increases the penetration depth from λ0 to λ(s, 0)|s≃sd ,
so that a larger d becomes necessary to protect Σ than
expected from the London theory. As a result, the max-
6imum in Hsh(d) obtained from the full calculation is lo-
cated at thicker regions.
Note Hsh can decrease when S has a shorter pene-
tration depth than Σ. In this case, the current density
in the S layer is enhanced as mentioned in Sec. IVA
and can reach the depairing current density at rather
small H0. For instance, (r∆, rH , rσ) = (1, 1, 4), which
yields λ
(S)
0 = λ
(Σ)
0 /
√
r∆rσ = 0.5λ
(Σ)
0 < λ
(Σ)
0 , results in
Hsh = 0.46H
(Σ)
c0 for d = 0.05λ
(Σ)
0 .
V. DISCUSSIONS
We have investigated a simple semi-infinite supercon-
ductor shown in Fig. 1 (a) and a layered heterostruc-
ture shown in Fig. 1 (b) in the diffusive limit. The cou-
pled Maxwell-Usadel equations at T → 0 have been self-
consistently solved to obtain the spatial distributions of
H(x), js(x), λ(x), and ∆(x) for both the structures [see
Figs. 3 and 4]. The distributions of H and js obey the
London theory for js ≪ jd, while the nonlinear Meissner
effect manifests itself for js ∼ jd, where the London the-
ory is no longer valid. We have found the superheating
fieldHsh of a semi-infinite superconductor in the diffusive
limit is given by Hsh = 0.795Hc0 at T → 0; on the other
hand, Hsh of a layered structure depends on materials
combinations and the thickness d of the S layer, which
can be maximized by tuning d to the optimum thickness
[see Fig. 5].
Our results can be tested by experiments. We can
expect that the maximum operating field of an SRF
cavity made from a bulk dirty-BCS-superconductor is
given by its superheating field. Taking impurity-doped
dirty Nb with ℓ ≪ ξ, for example, we have µ0Hsh =
0.795 × 200mT = 160mT at T → 0. The maximum
operating field can be improved by applying a layered
structure onto the inner surface of a cavity. For in-
stance, Hsh of bulk dirty Nb is pushed up to µ0Hsh =
1.04×200mT = 210mT by laminating a thin dirtier-Nb-
layer on the surface [see Fig. 5 (a)]. Other materials com-
binations can also improve the field limit, e.g., µ0Hsh =
2.26×200mT = 450mT for the Nb3Sn-Nb structure [see
Fig. 5 (b)]. These results can be tested using various
techniques, e.g., high power rf pulse [58], rf characteriza-
tion of samples [30, 59–61], third-harmonic voltage [25–
27, 34, 62], magnetization measurements for ellipsoid
samples [23], muon-spin-rotation technique [24, 63], etc.
Note that the rf heating of the cavity wall due to quasi-
particles [38, 44, 64, 65], vortices [66–74], topographic
defects at the surface [75–83], and grain boundaries [84]
can limit the achievable field.
The approximate formula [Eq. (21)], which was de-
rived using the London equation [18], would be useful
to know the optimum thickness dm. For a clean-limit
superconductor at T = 0, the nonlinear Meissner effect
is negligible. Hence, simply substituting the clean-limit
result H
(i)
sh = 0.84H
(i)
c0 into Eq. (21), we obtain the mi-
croscopically valid theory [20]. On the other hand, for
a dirty-limit superconductor, the nonlinear Meissner ef-
fect is no longer negligible. Then, it has been unclear if
the results obtained by substituting the dirty-limit result
H
(i)
sh = 0.795H
(i)
c0 into Eq. (21) are valid. According to
our results (see Fig. 5), the disagreements between the
numerical solutions of the coupled Maxwell-Usadel and
the approximate formula are ∼ 10%, and Eq. (21) would
still be useful to predict Hsh(d) and dm even in the dif-
fusive limit.
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Appendix A: Derivations of Eqs. (9) and (10)
We use ∆0 = ∆(0, 0) as a unit of energy. The Mas-
tubara Green’s function u = cot θ for the current carrying
state satisfies (
1− ζ√
1 + u2
)
u =
ωn
∆
(A1)
where ζ = s/∆(s, T ). The self-consistency equation at
T → 0 reduces to
0 =
∫ ∞
0
dω
(
1
∆
√
1 + u2
− 1√
ω2 + 1
)
=
∫ ∞
u0
du
(
1− ζ
(1 + u2)3/2
)(
1√
1 + u2
−
1√
∆−2 + [(1− ζ/√1 + u2)u]2
)
= − ln∆− sinh−1 u0 − ζ
2
(
π
2
− tan−1 u0 − u0
1 + u20
)
(A2)
Here u0(ζ) is defined by (1 − ζ/
√
1 + u20)u0 = +0.
Eq. (A2) is the formula of ∆ valid for an arbitrary s.
For ζ ≤ 1, we have u0 = 0, and Eq. (A2) reduces to
Eq. (9).
The superfluid density λ20/λ
2 can be calculated from
Eq. (3). At T → 0, we find
λ20
λ2(s, 0)
=
2
π
∫ ∞
0
dω
1 + u2
=
2∆
π
∫ ∞
u0
du
(
1
1 + u2
− ζ
(1 + u2)
3
2
+
ζu2
(1 + u2)
5
2
)
7= ∆
[
1− 2
π
tan−1 u0 − 4ζ
3π
{
1− u0(3 + 2u
2
0)
2(1 + u20)
3
2
}]
, (A3) which is the formula of λ valid for an arbitrary s. For
ζ ≤ 1, we have u0 = 0, and Eq. (A3) results in Eq. (10).
See also Ref. [16] for generalized formulas which incor-
porate the effects of a finite Dynes parameter.
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